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ABSTRACT

One of the most powerful ways to manipulate spins in nanometer-scale devices is by converting a charge current to a spin current via
spin–orbit coupling. The resulting spin–orbit torques (SOTs) have been investigated and utilized extensively in the past decade.
Quantitatively, however, SOTs may exhibit a non-trivial angular dependence, which is not well explored. Here, we develop a nested iterative
analysis to determine the magnitude of SOTs from harmonic Hall measurements. This updated method largely improves the fit quality in
the full magnetic field range and accurately retrieves even higher order, anisotropic spin–orbit torque coefficients. The numerical implemen-
tation of our algorithm is fast, robust, and designed for easy integration into existing analysis schemes. We verify our code using simulated
data with and without anisotropic SOTs. Accurately quantifying higher order SOT terms can be especially useful for modeling non-uniform
magnetic textures such as domain walls and skyrmions and current-induced magnetization switching characteristics.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0045855

In a thin-film magnetic heterostructure with broken inversion
symmetry, a longitudinal electrical current can be converted to a spin
current via spin–orbit coupling effects near material interfaces. The
spin currents can subsequently exert a torque on the local magnetiza-
tion of the magnetic thin film. These torques are known as spin–orbit
torques (SOTs) and offer great potential for spintronic devices.1,2 For
example, it has already been shown that SOT can be used for magnetic
switching with high efficiency,3,4 for nucleating and annihilating mag-
netic skyrmions,5,6 and for driving domain walls7,8 and skyrmions9–12

into motion.
Spin–orbit torques are often approximated by two isotropic tor-

que terms, the isotropic antidamping-like (AD) torque and the isotro-
pic field-like (FL) torque. These torques can be quantified by single,
scalar, material-dependent proportionality constants: the effective spin
Hall angle and the field-like spin–orbit torque efficiency, respectively.
However, recent experiments, in particular, on heavy metal/ferromag-
netic metal/oxide (HM/FM/Ox) heterostructures, have shown that the

magnitude of SOTs also depends on the magnetization direction.13–18

This anisotropic behavior is attributed to spin–orbit coupling-driven
effects at the HM/FM interface.2,19–21 Since domain walls and sky-
rmions inherently include spins of every possible orientation, even
small anisotropies of the SOTs may considerably alter the resulting
current-driven dynamics of such textures. The relevance of taking
anisotropy into account when evaluating dynamics in spin textures
has recently been shown.22 A detailed understanding and accurate
modeling of such anisotropic torques are, hence, highly desirable.

Harmonic Hall measurements provide a sensitive tool to quantify
SOTs, including their angular dependence.13,18,23 The analysis of such
data is well-established for the case of isotropic SOTs.13,14,23,24 By con-
trast, for the measurement of anisotropic higher order terms, although
explored in the past,15,17–19,25 a self-consistent analysis scheme is not
available. Here, we analyze simulated harmonic signals and evaluate
how precisely the simulation model parameters can be extracted from
the data. We find that the existing iterative approach to analyze
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harmonic measurements performs well for the leading order coeffi-
cient but fails to reproduce large anisotropic higher order terms. We
develop a nested iterative procedure and show that using this
approach, terms up to at least the fourth order are accurately extracted
in a self-consistent manner.

We consider an electrically contacted strip of a thin-film, perpen-
dicular magnetic material, as illustrated in Fig. 1(a). The current direc-
tion is defined as the x-direction, and the out-of-plane magnetic easy
axis is along the z-direction. h and / denote the polar and azimuthal
angles, and added indices “eq” and “b” indicate the equilibrium direc-
tion without current and the direction of the external magnetic field,
respectively. We consider the typical case of a material with negligible
in-plane anisotropy, i.e., /eq ¼ /b.

13 In this configuration, the effec-
tive fields corresponding to the field-like (FL) and antidamping-like
(AD) spin–orbit torques due to a current I can be written as13

BFL ¼ c sin ð/eqÞ BFL
0 þ s2BFL

2 þ s4BFL
4 þ � � �

� �
êh þ cos ð/eqÞBFL

0 ê/

(1)

and

BAD¼�cosð/eqÞ BAD
0 þ s2BAD

2 þ s4BAD
4 þ���

� �
êhþcsinð/eqÞBAD

0 ê/;

(2)

where c ¼ cos ðheqÞ and s ¼ sin ðheqÞ throughout this text. The lowest
order field coefficients BFL

0 and BAD
0 in Eqs. (1) and (2) represent the

isotropic SOT, which, on their own, can be written as BFL
0 / ŷ �M

and BAD
0 / ŷ . The higher order coefficients BFL

2;4 and BAD
2;4 introduce a

non-trivial dependence of the polar SOT component on the magneti-
zation direction. Note that higher order terms in the azimuthal com-
ponent are also allowed in principle, but were never observed
experimentally (potentially due to the lower sensitivity of harmonic
measurements to changes in /) and, therefore, neglected here;2,13 if
needed, it is straightforward to extend the analysis presented below to
include such terms.

To determine the SOT coefficients by the harmonic Hall mea-
surement, we consider a Hall bar geometry as depicted in Fig. 1(b)
with an AC current IðtÞ ¼ I0 cos ð2pftÞ. The anomalous (AHE) and
planar (PHE) Hall effects lead to a transverse (Hall) voltage VH in this
geometry. To account for the dynamic change in the resistance due to
the spin-torque-induced rotation of the magnetization, the Hall
voltage can be expanded in terms of harmonics of f as VHðtÞ
¼
P

n V
nf cos ð2pnftÞ. The Vnf ¼ I0Rnf harmonics can be measured

individually using, e.g., a lock-in amplifier. The first and second order

resistance coefficients can be analytically related to the magnetic prop-
erties of the material via13

Rf
H ¼ cRAHE þ s2RPHE sin ð2/eqÞ (3)

and

R2f
H ¼ ðRAHE � 2cRPHE sin ð2/eqÞÞ �

dc
dBext

1
sin ðhb � heqÞ

Bh

þs2RPHE
2 cos ð2/eqÞ
Bext sin ðhbÞ

B/; (4)

where we have assumed that the spin-torque-induced rotation
angles are small. The parameters RAHE and RPHE are the coefficients
for the anomalous and planar Hall resistance. Following Ref. 13,
we use RAHE ¼ 0:8X and RPHE ¼ 0:09X in the simulations, repre-
senting a typical Pt/Co Hall bar structure. Moreover, Bh and B/ are
the current-induced effective fields in the polar and azimuthal
direction, respectively (BI ¼ Bhêh þ B/ê/) and are assumed to be
proportional to the current amplitude I. Note that in real devices,
thermal contributions to Rf

H and R2f
H are often present. These con-

tributions can be measured and subtracted before applying the
analysis discussed below.13,14

To simulate harmonic measurement signals, we consider the
limit of small excitations, where harmonics beyond the second order
are negligible. In this scenario, we can eliminate the time dependence
from the simulation and instead calculate the expected signal from the
static Hall resistance at constant current I via13

Rf
H ¼

RHðþIÞ þ RHð�IÞ
2

(5)

and

R2f
H ¼

RHðþIÞ � RHð�IÞ
2

: (6)

To calculate the static Hall resistance, we numerically find a solution
for M that minimizes the total effective field Beff for a DC current.
Examples of a simulated first and second harmonic signal are dis-
played in Fig. 2. The parameters used for the simulations are listed in
Tables I and II. The perpendicular magnetic anisotropy (PMA) field is
fixed to BK ¼ 950mT throughout this paper. The analysis uses the
first harmonic Hall signals Rf

H at /eq ¼ 0�; 45�; 90� and the second
harmonic signals R2f

H at /eq ¼ 0�; 90�. The field is applied almost in-
plane (hb ¼ 88�). The small out-of-plane contribution of the field

FIG. 1. Geometry and coordinate system. (a) Side view of the Hall bar structure. M
is the magnetization, and Bext the external applied field. heq and hb are the azi-
muthal angles of the magnetization and external applied field from the z-axis,
respectively. BAD; BFL are the effective SOT fields. (b) Top view of the Hall bar
structure indicating the in-plane angle /eq of the magnetization, as well as the mea-
surement direction of the transverse voltage.

FIG. 2. Expected (a) first harmonic signal Rf
H and (b) second harmonic signal R2f

H ,
the latter with and without higher order coefficients at /eq ¼ 90� and hb ¼ 88�.
For the simulated SOT parameters, see Tables I and II.
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prevents the formation of multi-domain states during measurements
and stabilizes the numerical convergence of the simulations.

We first explain the established approach of extracting the
parameters of Eqs. (1) and (2) from harmonic measurement data and
illustrate the challenge of fitting anisotropic signals. We start by analyt-
ically inverting the symmetric and antisymmetric parts of Eq. (3) to
extract the material parameters RAHE and RPHE, the cosine of the angle
of magnetization c ¼ cðBextÞ, and its derivative dc=dBext from Rf ;45

H ,
where the superscript denotes the polar field angle /eq ¼ 45�.

Next, we analyze the second harmonic signal to extract BFL
0;2;4 and

BAD
0;2;4. Unfortunately, there is no analytical means to this end, but this

can be remedied as follows. Consider the simplest form of Eq. (4),
which is obtained at /eq ¼ 0� and 90�. At these angles, each single
measurement of R2f

H is related to two unknowns, Bh and B/. We want
to extract these from Eq. (4), but this is only possible by using the
additional constraints of Eqs. (1) and (2), which show us that Bh and
B/ are related as follows:

B90
h ¼ c BFL

0 þ s2BFL
2 þ s4BFL

4

� �
; (7)

B0
h ¼ � BAD

0 þ s2BAD
2 þ s4BAD

4

� �
; (8)

B90
/ ¼ cBAD

0 ; (9)

B0
/ ¼ BFL

0 ; (10)

where again the superscripts 0 and 90 indicate the angle /eq in
degrees. By measuring R2f

H ðheq;/eqÞ at /eq ¼ 0� and 90� and a suffi-
ciently extensive set of angles heq, the number of equations can exceed
the number of unknowns. The established approach to solve these
equations for BFL

0;2;4 and BAD
0;2;4 is an iterative procedure as illustrated in

the flow chart of Fig. 3. This method, originally developed by Garello
et al.,13 starts with an initial guess (i) as follows:

(i) Initially, all higher order contributions are ignored, i.e.,
BFL;AD
2;4 ¼ 0. Moreover, the process starts with a guess for

B90
/ to allow analytical inversion of Eq. (4). Since generally,

RAHE � RPHE, the contribution of the B90
/ term to Eq. (4) is

relatively small and we start with the initial guess B90
/ ¼ 0

(we find that within reasonable bounds, this initial value of
B90

/ does not change the result of the analysis below).

Subsequently, the following steps are iterated:

1. B90
h is calculated by inverting equation (4) as

B90
h ¼

sin ðhb � heqÞ
RAHE

dc
dBext

� ��1
� R2f ;90

H þ s2
2RPHE

Bext sin ðhbÞ
B90

/

� �
:

(11)

2. Using Eqs. (7) and (10) and the initial assumption of BFL;AD
2;4 ¼ 0,

this result of B90
h is related to B0

/ via

B0
/ ¼ B90

h =c: (12)

3. This now allows the use of the full Eq. (4) to calculate B0
h.

4. Then, using Eqs. (8) and (9) and BFL;AD
2;4 ¼ 0,

B90
/ ¼ �cB0

h: (13)

Steps 1–4 are repeated until the effective fields Bh and B/ for
both angles converge. These iterations are performed indepen-
dently for each value of the magnetization’s azimuthal angle heq.
A final step yields the desired result.

TABLE I. Simulation and analysis of a purely isotropic SOT system. The table lists
the input SOT parameters (in mT) and the values extracted from the conventional
and nested iterative analysis of the simulated harmonic signals. We also show the fit
residual standard error (r, in mT) and the deviation between the analysis result and
the input value normalized to the input value (D, in percent) for both analysis
methods.

Conventional Nested

Input Result r D (%) Result r D (%)

BFL
0 �1.2 �1.20 1� 10�6 �0.02 �1.20 1� 10�6 �0.02

BFL
2 0 0.00 1� 10�5 � � � 0.00 1� 10�5 � � �

BFL
4 0 0.00 1� 10�5 � � � 0.00 1� 10�5 � � �

BAD
0 1.9 1.90 2� 10�6 0.02 1.90 2� 10�6 0.02

BAD
2 0 0.00 1� 10�5 � � � 0.00 1� 10�5 � � �

BAD
4 0 0.00 1� 10�5 � � � 0.00 1� 10�5 � � �

TABLE II. Simulation and analysis of an anisotropic SOT system. The table lists the
input SOT parameters (in mT) and the values extracted from the conventional and
nested iterative analysis of the simulated harmonic signals. We also show the fit
residual standard error (r, in mT) and the deviation between the analysis result and
the simulated SOT value normalized to the input value (D, in percent) for both analy-
sis methods.

Input

Conventional Nested

Result r D (%) Result r D (%)

BFL
0 �1.2 �1.20 5� 10�6 0.08 �1.20 1� 10�6 �0.01

BFL
2 �1.1 �1.41 4� 10�5 �28 �1.10 1� 10�5 0.04

BFL
4 �0.4 �0.13 6� 10�5 68 �0.40 1� 10�5 �0.08

BAD
0 1.9 1.90 3� 10�6 �0.01 1.90 3� 10�6 0.006

BAD
2 1.0 1.32 2� 10�5 32 1.00 2� 10�5 0.07

BAD
4 0.6 0.30 4� 10�5 �50 0.60 3� 10�5 �0.8

FIG. 3. Flow chart of the conventional iterative procedure to extract spin–orbit tor-
ques from harmonic measurements. The steps, indicated by the encircled numbers,
are explained in the text. The updated quantities are printed in bold. Note that the
fit of the desired torque coefficients is performed only once, after the boxed loop
has reached convergence.
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5. The converged B90
h ðheqÞ and B0

hðheqÞ are fitted to Eqs. (7) and (8)
to extract BFL

0;2;4 and BAD
0;2;4, respectively.

We first test this method using the simulated harmonic measurements
of an isotropic SOT system. The simulation parameters are listed in
Table I. As expected, we find that the extracted values of B0;90

h ðheqÞ are
constant as a function of magnetization angle heq, with a residual vari-
ation below 1% across the simulated field range. The fit to these data
(step 5) accurately reproduces the simulation input values with a rela-
tive error D of approximately 0:02% (see Table I).

However, the situation is very different when we assume sig-
nificant contributions from anisotropic SOTs (see Table II for the
simulation parameters). In this case, the extracted B0;90

h ðheqÞ show a
strong variation with the external field [Figs. 5(b) and 5(d)] and the
resulting fit produces inaccurate results for the higher order SOT
parameters (Table II). Note that the fit itself (step 5) is very accu-
rate and falsely suggests that the resulting fit parameters are reliable
(see fit errors listed in Table II). Contrary to this expectation, we
find that in our example, the extracted higher order coefficients
deviate by up to 68% from the input values of the simulation. This
points to a convergence problem of the iterative calculation of the
effective fields B0;90

h ðheqÞ (steps 1–4) and, moreover, shows that the
quality of the fit should not be used to evaluate the error of the
extracted SOT parameters. Next, we will develop a modified itera-
tive process that accurately and reliably extracts higher order SOT
coefficients.

The fundamental issue of the established analysis scheme of har-
monic measurements is that anisotropic terms, if present, are not con-
sidered when calculating B0;90

h in the iterations. Here, we expand the
process by a second layer of iterations in which the SOT coefficients
BAD
0;2;4 and BFL

0;2;4 are allowed to change. This process is illustrated in
Fig. 4. The starting point of this nested iterative process is the result
generated by the conventional analysis, i.e., after converging to a stable
solution.

Based on potentially non-zero higher order parameters BFL;AD
2;4

extracted from the fit, we obtain new equations for the evaluation of
steps 2 and 4,

2.�

B0
/ ¼

B90
h

c
� s2BFL

2 � s4BFL
4 ; (14)

4.�

B90
/ ¼ �cðB0

h þ s2BAD
2 þ s4BAD

4 Þ: (15)

These equations refine the conventional (inner) loop of the iterative
analysis scheme (Fig. 4). For each set of higher order parameters
BFL;AD
2;4 , this inner loop is repeated until convergence of Bh and B/ is

obtained. Only then are BFL;AD
0;2;4 updated by executing step 5. With

each updated set of parameters BFL;AD
2;4 , the inner loop is started again.

The final result is the set of all BFL;AD
0;2;4 coefficients obtained after con-

vergence of the outer loop. We find that this separation of an inner
loop with constant BFL;AD

2;4 is key for the robust convergence of the
entire analysis.

The nested iterative analysis does not significantly influence
the extracted values for purely isotropic SOTs [Table I and Figs. 5(a)
and 5(c)]. However, if anisotropic SOT components are present, every
time we restart a new iteration, the newly fitted coefficients improve
the accuracy of the conversion rules in Eqs. (14) and (15).
Consequently, we are now able to converge precisely to the simulated
expressions as shown in Table II and illustrated in Figs. 5(b) and 5(d).
The relative deviation of the determined coefficients from the simu-
lated input is now below 1% across all orders of the SOT parameters
used here. The nested iterative procedure not only yields more accu-
rate results than the conventional analysis but also runs fully automati-
cally and with little computational cost on any personal computer.

FIG. 4. Flow chart of the nested iterative procedure to extract spin–orbit torques
from harmonic measurements. Updated steps in the nested iterative procedure are
highlighted as dashed lines (as compared to the conventional procedure). The
steps, indicated by the encircled numbers, are explained in the text. The updated
quantities are in bold. Note that for each iteration of the outer loop, the conventional
procedure in the inner loop converges.

FIG. 5. SOT fields extracted from the conventional and nested iterative analysis as
a function of magnetization angle sin2heq. (a) and (c) show the results for the iso-
tropic SOTs (see parameters in Table I). (b) and (d) show the fields extracted from
the anisotropic SOT simulation (see Table II). The functional dependence expected
from the known input parameters is plotted with solid lines. The extracted torque
coefficients are listed in Tables I and II.
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It is, therefore, highly recommended to always use the nested iterative
procedure when extracting SOTs from harmonic measurements.

Finally, we investigate the influence of noise, as always present in
experimental data, on the precision of the nested analysis. To this end,
we added sets of random, normally distributed noise (with a mean
value of zero and standard deviation rnoise) to the simulated first and
second harmonic signals. For every value of rnoise, twenty different sets
of noisy measurement data were generated, and from each dataset, we
extracted the SOT parameters using our nested iterative analysis
scheme. Subsequently, we calculated the error bars of each SOT

parameter x (with x ¼ BFL;AD
0;2;4 ) via rx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=ðn� 1Þ

Pn
i¼1
ðx � xinputÞ2

s
,

where xinput is the noise-free input parameter and n¼ 20 in our exam-
ple. That is, rx is the standard deviation of x with respect to xinput. As
shown in Fig. 6, we find a linear dependence on rnoise. Importantly,
for rnoise � 0:01mX, as realistically achievable in carefully measured
Hall signals,13 the uncertainty is sufficiently low (error bars
� 0:07mT) to retrieve a good estimate for all SOT parameters consid-
ered here.

To conclude, we have shown by means of simulations that the val-
ues of higher order spin–orbit torque coefficients extracted via the estab-
lished iterative procedure from harmonic measurements may not be
reliable. To overcome these issues, we have proposed a modified analysis
scheme that allows the anisotropic terms to vary during the iterations
and to converge to their correct values. We found that a nested iterative
implementation of the algorithm is required to make this convergence
robust. We have verified our approach by means of simulations, which
show that our procedure yields accurate, self-consistent results even in
the presence of sizable higher order terms. A fully automated code to use
this analysis is openly available.26 Our method enables high-precision
measurements of anisotropic SOTs, thus paving the way for a deeper
understanding of the fundamental physics underlying these torques and
for their application in tailored spintronics devices.
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