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Relativistic kinematics of a magnetic soliton
Lucas Caretta1, Se-Hyeok Oh2, Takian Fakhrul1, Dong-Kyu Lee3, Byung Hun Lee1, Se Kwon Kim4,
Caroline A. Ross1, Kyung-Jin Lee2,3,4,5, Geoffrey S. D. Beach1*

A tenet of special relativity is that no particle can exceed the speed of light. In certain magnetic
materials, the maximum magnon group velocity serves as an analogous relativistic limit for the speed of
magnetic solitons. Here, we drive domain walls to this limit in a low-dissipation magnetic insulator using
pure spin currents from the spin Hall effect. We achieve record current-driven velocities in excess of
4300 meters per second—within ~10% of the relativistic limit—and we observe key signatures of
relativistic motion associated with Lorentz contraction, which leads to velocity saturation. The
experimental results are well explained through analytical and atomistic modeling. These observations
provide critical insight into the fundamental limits of the dynamics of magnetic solitons and establish a
readily accessible experimental framework to study relativistic solitonic physics.

I
n 1905, Einstein showed that Newtonian
mechanics based on Galilean invariance
breaks down at high speeds (1). Instead,
the speed of light c serves as a fundamen-
tal limit irrespective of the reference frame

of the observer, ensured by Lorentz contrac-
tion and time dilation in Einstein’s special
theory of relativity. In certain condensed mat-
ter systems—such as dislocations in crystals (2),
charge densitywaves (3), andmagnetic domain
walls (4–12)—space and time variables are
related in such a way that the dynamics of
solitonic quasiparticles can mimic relativistic
kinematics. The excitations in such systems
can be described by the Lorentz-invariant
sine-Gordon equation (4)

@2q
@t2

� c2m
@2q
@x2

þ c2m
D2
0

sinq ¼ 0 ð1Þ

where D0 is a characteristic length scale and
cm is a characteristic speed. The space (x)
and time (t) variables transform through the
Lorentz factor g′ ¼ ð1� v2=c2mÞ�1=2 under a
Lorentz boost at a velocity v, and hence cm
plays a role analogous to c in the theory of
special relativity (4–6).
Under certain conditions, the spin excita-

tions in a magnet can be mapped to Eq. 1 by
treating the lattice as a continuum (supple-
mentary text S1). This has been shown, for
example, for uniaxial ferromagnets (4–6), anti-
ferromagnets (7, 8, 10, 11, 13), and ferrimagnets

(12). In this context, D0 is the equilibrium do-
main wall (DW) width, cm ≡ vmax

g is the max-
imum magnon group velocity, and q/2 is the
polar magnetization angle (the azimuthal
angle can be integrated out for stationary
states, as shown in supplementary text S1).
The relativistic nature of the field dynamics
in Eq. 1 is naturally inherited by the dynamics
of its nonlinear solitonic solution, a travel-
ing DW qðx; tÞ ¼ 4 tan�1 exp x�vt

D

� �� �
, which

behaves like a relativistic free particle (5)

whose velocity v is ultimately bounded by
vmax
g (5, 9, 10, 12–14). The DW profile re-

sembles the usual Walker ansatz (15) but
with a Lorentz-contracted DWwidth,D = D0/g′.
Dissipation and driving terms are straight-

forward to include in Eq. 1 (supplementary
text S1), with the modified Walker ansatz
remaining an exact solution (6, 9–12). For a
sine-Gordon DW in a uniaxial ferromagnet
with an easy-axis drive field H and Gilbert
damping a, one finds v = (gD/a)H, where g is
the gyromagnetic ratio (6). For ferrimagnets,
a and g are replaced by scaled parameters aeff
and geff, respectively (16–18), which permit the
coupled sublattices to be described through a
single (Néel) order parameter (12) (materials
and methods). For small v, this coincides with
Walker’s classical (15) stationary-state solu-
tion v0 = (gD0/a)H. Replacing D0 by D cor-
responds to a high-velocity correction v ¼
v0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðv=vmax

g Þ2
q

, which, when rearranged to

read v ¼ vmax
g =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðvmax

g =v0Þ2
q

, makes clear

that v can never exceed vmax
g . Strictly speak-

ing, dissipation breaks Lorentz invariance be-
cause it derives from motion with respect to
the lattice, which implies that these relativistic
transformations hold only for an observer at
rest with respect to the magnet.
Relativistic dynamics is, in practice, inac-

cessible in ferromagnets, inwhich large damp-
ing limits the DW mobility and dynamical
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Fig. 1. Structural and magnetic characterization. (A) Schematic of Gd3Sc2Ga3O12 (GSGG)/BiYIG/Pt
trilayer structure. Arrows indicate the orientation of the tetrahedral (Tet) and octahedral (Oct) site
Fe3+ magnetic moments in BiYIG. (B) High-resolution x-ray diffraction (2q − w scan) of 32-nm thick
(black) and 6.9-nm thick (blue) GSGG/BiYIG. (C) VSM (blue, left axis) and MOKE (black, right axis)
hysteresis loops of a perpendicularly magnetized GSGG/BiYIG (6.9 nm) film. (D) Current-induced
switching probed via MOKE in GSGG/BiYIG (6.9 nm)/Pt (4.0 nm). MS, saturation magnetization;
a.u., arbitrary units; emu, electromagnetic unit; cc, cubic centimeter.
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instabilities such asWalker breakdown (6, 15, 19)
typically set in far below vmax

g . However, in
antiferromagnets and ferrimagnets, preces-
sional dynamics is suppressed (17, 20, 21) and
the possibility of relativistic kinematics under
experimentally realizable conditions has re-
cently been predicted (10–12, 22). Here, we
show that in a low-dissipation ferrimagnetic
iron garnet, current-induced torques can drive
DWs to relativistic speeds in excess of 4300m/s,
limited by Lorentz contraction of theDWwidth
as v asymptotically approaches the magnonic
limit. Our experimental results are supported
by analytical and atomistic modeling of the
dynamics, which account well for our obser-
vations. These results provide insights into
the ultimate speed of magnetic quasiparticle
excitations—and hence the operating speed of
spintronic devices that utilize them (23, 24)—
and introduce an arena for relativistic solitonic
physics that puts related phenomena such as
terahertz spin-wave radiation (12) within ex-
perimental reach.
We examined DW dynamics at room tem-

perature in 6.9-nm thick epitaxial bismuth-
substituted yttrium iron garnet (BiYIG) (Fig. 1A
and materials and methods), a perpendicularly
magnetized ferrimagnetic insulator with low
damping (25) to facilitate a high DWmobility.
A thin Pt overlayer was used to generate a
current-induced torque via the spin Hall effect
(SHE) (26–30), which has recently been shown

to allow for current-induced switching and
fast DW motion in rare earth iron garnets
(31–33). Figure 1B shows exemplary x-ray
diffraction results that illustrate fully strained
film growth with high structural quality. Per-
pendicular magnetic anisotropy with near-
bulk saturation magnetization was confirmed
with vibrating sample magnetometry (VSM)
and polar magneto-optical Kerr effect mea-
surements (MOKE) (Fig. 1C and materials
and methods). Deterministic magnetization
switching via the SHE (Fig. 1D) was verified
by injecting current pulses in a lithograph-
ically fabricated track (materials and meth-
ods). The switching polarity depends on the
direction of a longitudinal bias field (Fig.
1D), as expected for damping-like spin-orbit
torque.
Current-induced DW motion was imaged

in a conventional racetrack geometry (Fig. 2A)
using a wide-field MOKE microscope (mate-
rials andmethods). The damping-like torque
from the SHE acts like an easy-axis magnetic
field HSHE = c0 j cos(F) in the DW (34, 35).
Here, c0 is proportional to the spin Hall angle
of Pt, j is the current density, and F is the
azimuthal DW angle (Fig. 2, A to C). As shown
elsewhere (36) and in figs. S2 and S6, the
Dzyaloshinskii-Moriya interaction in these
films is negligible because of the lack of a
rare earth ion, and hence the equilibriumDW
orientation is Bloch (F = ±p/2) (Fig. 2A). As

such, the DWs are intrinsically immobile
under current injection, but they can be driven
by HSHE in the presence of a longitudinal bias
field Hx, which induces a Néel character (Fig.
2, B and C). Figure 2D shows a series ofMOKE
images after sequential current pulse injection
under finite Hx, which verifies the current-
driven motion and allows the DW velocity
to be extracted (materials and methods and
supplementary text S2).
Figure 2E shows v(j) curves measured for

several values of Hx. In all cases, v first in-
creases with increasing j and then saturates
toward amaximum velocity, vsat. This limiting
velocity scales linearly with Hx up to ~100 Oe
(Fig. 2F), beyondwhich v tends to an apparent
global maximum that is insensitive to both
j and Hx. Measurements on a thinner 2.4-nm
BiYIG sample (supplementary text S3 and
fig. S6) showed similar saturation behavior.
The low-Hx behavior is well understood and
follows from the usual one-dimensionalmodel
of torques (34, 35). The driving field HSHE ẑ
exerts a torque on the DW moment mDW,
which cants it away from the fieldHx x̂ that
sets its equilibrium orientation (Fig. 2C). This
results in a restoring torque in the direction
mDW � x̂ that pulls the magnetization toward
the easy-axis driving field, which causes the
DW to move while the preferred adjacent do-
main grows. The DW velocity is thus pro-
portional to the restoring torqueºHxsin(F),
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Fig. 2. Relativistic DW motion.
(A) Schematic of the equilibrium
DW structure in GSGG/BiYIG
(6.9 nm)/Pt (4.0 nm) (substrate
and Pt overlayer excluded for clarity).
The dark gray regions represent
magnetic domains, whereas the light
gray region signifies the DW. Two-
dimensional black vectors illustrate
the magnetic moment in each region,
and the overlaid three-dimensional
arrows detail the local moment
orientation traversing the DW.
(B) DW moment mDW under an
applied longitudinal in-plane field Hx x̂.
(C) Equilibrium DW orientation F
when traveling at velocity vDW
under applied Hx x̂ and driven by
HSHE ¼ c0 j cosF ẑ. (D) Time-
stamped MOKE microscopy
depicting current-driven DW
motion in BiYIG. Contrast in
the image (bright versus dark)
corresponds to the net magnetization orientation (into the plane versus out of the plane), and the dashed white lines outline the DW racetrack. DW nucleation

and drive currents are depicted in yellow. A train of drive pulses with current density j e 1:65� 1012 A=m2 was injected between each image frame. (E) DW
velocity vDW versus j for various Hx. (F) Saturation velocity vsat in the vDW(j) curves in (E) versus Hx. The plotted data points correspond to the velocity at fixed

current density j e 1:65� 1012 A=m2 such that the curve is isothermal considering joule heating. Error bars represent the standard deviation of three
independent measurements of the DW velocity.
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whose magnitude is maximum as jFj → p=2.
This results in an inherent limiting velocity
vmax that depends on the DW stiffness—that
is, the maximum internal restoring torque, as
first recognized by Walker (15).
For a SHE-driven ferrimagnetic DW, the

conventional one-dimensional model predicts
(34, 35)

v ¼ vmax=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½aeff pHx=2c0j�2

q
ð2Þ

with a limiting velocityvmax ¼ p
2 geff D0Hx pro-

portional to the stiffness field Hx. This behav-
ior is widely known in the literature (29) and is
borne out in our v(j) curves at lowHx (Fig. 2E).
In this regime, the linear scaling of vsat withHx

(Fig. 2F) identifies the saturation mechanism
as the distortion of theDW fromNéel to Bloch.
However, as Hx is increased beyond 100 Oe,
the linear scaling of vsat breaks down. This im-
plies that the maximumDW velocity—which
in the usual DW dynamics models is limited
only by the restoring torque and is hence
unbounded—approaches a more fundamen-
tal limit in our experiments. This limit is
evidently independent of the restoring torque
and therefore cannot be understood in the
conventional model framework. However, it
can be naturally explained by Lorentz contrac-
tion of D as v → vmax

g , as we show below.
In a ferrimagnet (12), vmax

g ¼ 2A
dS, where A is

the exchange constant, d is the interatomic
distance, and S ¼ ðjS1j þ jS2jÞ is the total spin
density of the sublattices. Both d and S are
known from the structure and number density
of moment-bearing Fe3+ ions in BiYIG (mate-

rials and methods), so to estimate vmax
g , we

need only determine A, which we have done
using Brillouin light scattering (BLS) (37–39).
BLS spectra were collected in Damon-Eshbach
(DE) (40) geometry (Fig. 3A andmaterials and
methods) using l = 532 nm laser illumination.
An in-plane field Hx x̂ was applied, and the
incident-backscatter light angle q was varied in
the yz plane to select the wave vector transfer
q|| = (4p/l) sin(q). Figure 3B shows BLS spectra
at q = 45° for three BiYIG film thicknesses t,
each at three values ofHx. The field dependence
(fig. S3) allows one to discriminate between
spin wave peaks and peaks of nonmagnetic
origin, such as the peak at ~27 GHz, which we
attribute to a substrate phonon mode.
The measurement geometry is sensitive to

DE magnetostatic surface modes and perpen-
dicular standing spinwave (PSSW)modes (41).
The former modes are relatively insensitive to
t, whereas the latter arise from confinement
normal to the film plane and dependmarkedly
on t (37, 38). Thus, we identify the mode that
appears in a similar low-frequency range for
all t as the DE mode and the high-frequency
mode that appears in the 29-nm film as the
lowest order PSSW mode, which shifts to
inaccesible frequencies for thinner films.
In contrast to the DE modes (39), the PSSW
mode frequency has a dominant exchange
contribution because its wave vector k ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2∥ þ p
t

� �2q
≈ ð9 nmÞ�1 is comparable to the

inverse exchange length, so this mode can be
used to extract A (37, 38). Figure 3C shows
the q|| dependence of the DE and PSSWmode
frequencies in the t = 29 nm film, along with

fits to the well-known DE and PSSW disper-
sion relations (41) (materials and methods),
which further supports our mode identifica-
tion. From the PSSW fit, we extract A = (4.2 ±
0.2) pJ/m, which agrees with the bulk value,
4.15 pJ/m (16).
The exchange-mode spin wave dispersion,

which is not directly accessible by BLS, can be
computed from experimental material param-
eters (Fig. 4A) using the expression (12)

wT ¼
Tds þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2s þ 4rðAk2 þ KuÞ

q
2r

ð3Þ

where w is the angular frequency, ± denotes
the mode handedness, ds is the net spin den-
sity,Ku is the uniaxial anisotropy constant (fig.
S1), and r is the inertia of the dynamics (ma-
terials and methods). The estimated maxi-
mum magnon group velocity, vmax

g ¼ 2A
dS , is

~5000 m/s, which is comparable to the ex-
perimental speed limit in Fig. 2F. This sug-
gests that relativistic corrections to Eq. 2 are
required to properly account for the experi-
ments. Equation 2 can be generalized to high
velocities by accounting for DW Lorentz con-

traction D ¼ D0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðv=vmax

g Þ2
q

, analogous to

the case of an easy-axis applied field discussed
above. By taking the ratio of vsat measured at
largeHx to its value at lowHx where D ≈ D0, we
can estimate the ratio of the dynamical DW
width to its static width, D/D0, as all other
parameters are eliminated in the ratio. In Fig.
4B, we see that the inferred D/D0 is reduced at
high speeds, which suggests that Lorentz
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Fig. 3. Exchange constant from BLS.
(A) Schematic of BLS measurement
geometry. (B) BLS spectra of GSGG/BiYIG
(t) where t = 5.0 nm, 18.9 nm, and
29.0 nm for several in-plane fields Hx at
an incident angle of q = 45°, corresponding
to q|| = 16.7 × 106 rad/m. Circular insets
magnify the 30- to 40-GHz regime.
(C) In-plane wave vector (q||) dependence
of the DE and PSSW mode peak
frequencies under Hx = 6.6 kOe and
fits to the dispersion relations. Error bars
in (C) are fit uncertainty of the BLS
spectra peaks.
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contraction gives rise to the asymptotic veloc-
ity maximum in Fig. 2F.
Figure 4, C and D, shows analytical and

atomistic modeling that fully accounts for the
experimental observations. Inserting the Lorentz-
contracted DW width in Eq. 2 and algebra-
ically rearranging the terms, the analytical
model reads

v ¼ ~vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½~v=vmax

g �2
q ð4Þ

where ~vðj;HxÞ corresponds to Eq. 2 with
the equilibrium DW width D0. We used
D0 ¼

ffiffiffiffi
A
Ku

q
≈ 14 nm and vmax

g ≈ 5000m=s—both
estimated from experimentally measured
parameters—along with the experimentally
measured c0 (fig. S2 and materials and meth-
ods) and dynamical parameters, aeff and
geff, estimated from the low-j slope and high-j
saturation of v( j) at small Hx (materials and
methods). Figure 4, C and D, shows that Eq. 4
reproduces all key features in Fig. 2, E and F,
although the discrepancy in the low-j regime
for v( j) suggests some impact of disorder
(pinning). We also performed two-sublattice
atomistic simulations of the current-driven
motion for a one-dimensional ferrimagnetic

system, using atomistic parameters that cor-
respond to the continuum material param-
eters in the analytical model (materials
and methods). We find excellent quantita-
tive agreement between the analytical model
and the full atomistic simulations, as seen
in Fig. 4, B to D. Particularly, the predicted
Lorentz contraction of the DW width is quan-
titatively realized in the full atomistic simu-
lations (Fig. 4B), with deviations from the
analytical model arising primarily from the
fact that finite Hx changes the equilibrium
DW width D0, which is not captured in the
analytical model. The agreement between the
atomistic simulations and the analytical treat-
ment based on the sine-Gordon equation in-
dicates that the assumptions in that model
are justified and that the Lorentz invariance
of its solitonic solutions captures the underly-
ing physics. We therefore conclude that Lorentz
contraction as v approaches vmax

g serves as the
underlying cause of the limiting velocity in
Fig. 2F and Fig. 4D.
Our results provide critical insight into the

dynamical behavior of DWs at ultrafast veloc-
ities and demonstrate that magnetic systems
under suitable conditions can serve as a labo-
ratory platform for the relativistic kinematics

of solitons. This may further enable the ex-
perimental observation of rare relativistic
phenomena such as solitondynamics in two- or
three-dimensional systems, such as skyrmions
under well-controlled conditions, and of sol-
itons interacting dynamically with the lattice
structure that is expected to mimic general
relativity to a certain degree (4–12).
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Fig. 4. Modeling of relativistic DW motion. (A) Analytically computed dispersion relations (Eq. 3) of
exchange-mode spin waves of each handedness and their common group velocity, vg. Here, k denotes wave
vector and w denotes frequency. (B) Dynamical DW width D normalized to its equilibrium value D0. Symbols
are from atomistic simulations (materials and methods), and orbs correspond to values inferred from
the experimental DW velocity data as described in the text. The solid line represents the inverse Lorentz

factor,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðvDW=vmax

g Þ2
q

with vmax
g ≈ 5000 m=s computed from the exchange constant. (C) Analytical (lines,

Eq. 4) and atomistic (symbols) modeling of the DW velocity vDW as a function of current density j for various
in-plane fields Hx. (D) Analytical (lines, Eq. 4) and atomistic (symbols) modeling of the high-j saturation
velocity vsat as a function of Hx.
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